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The transient motion of an anisotropic elastic bimaterial due to a line force or a line dislocation is studied. The bima-
terial is assumed to be at rest and stress-free for t < 0. The line source is applied at t = 0 and maintained for t > 0. A for-
mulation which is an extension to Stroh’s formalism for anisotropic elastostatics is employed. The general solution is
expressed in terms of the eigenvalues and eigenvectors of a related eigenvalue problem. The method is used to obtain
the analytic solutions without the need of performing integral transforms. Numerical examples of the GaAs bimaterial
due to a line force or dislocation are presented for illustration.
 2006 Elsevier Ltd. All rights reserved.
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Wave propagation in layered elastic media has been a subject of interest in the ﬁeld of geophysics, acoustics
and nondestructive testing. Analysis of the elastodynamic problem is complicated due to the fact that as the
propagating wave is interrupted by the interfaces, reﬂection and transmission waves occur and interfacial
waves may also arise. The degree of complexity of the interactions depends on the mechanical properties of
the individual layer, number and nature of the interfacial conditions and loading conditions, among other fac-
tors. Here we consider the dynamic response of a bimaterial composed of two dissimilar elastic half-spaces of
general anisotropy induced by a line force or a line dislocation. The problem serves as a basis for further stud-
ies of anisotropic layered systems.
Ma and Huang (1996) considered the problem for an isotropic bimaterial loaded by a line force. The prob-
lem is solved by application of Laplace transform method. The inverse transforms are evaluated by means of
Cagniard’s method. Every and Briggs (1998) presented algorithms based on Fourier transform for calculating
the time domain displacement response of ﬂuid-loaded anisotropic half-spaces to impulsive line and point
forces at their interface. Wu (2003) have used an extended Stroh’s formalism to derive a closed-form solution0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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solution is expressed in terms of the eigenvalues and eigenvectors of a six-dimensional matrix, which is a func-
tion of the material constants, time and position. A major advantage of the formulation is that no integral
transforms are required. The fact greatly facilitates derivations of explicit solutions. Recently, Wu and Chen
(2006) have further generalized the formulation to treat the problem of a dynamic buried source in a semi-
inﬁnite medium. In this paper the generalized formalism proposed by Wu and Chen is used.
The plan of the paper is as follows. In Section 2 the formulation employed is introduced. The problem of a
buried line source in an anisotropic bimaterial is studied in Section 3. Numerical examples are given in Section
4. Some conclusions are ﬁnally given.
2. Formulation
For two-dimensional deformation in which the Cartesian components of the stress rij and the displacement
ui, i, j = 1,2,3, are independent of x3, the equations of motion aret1;1 þ t2;2 ¼ q€u; ð1Þ
where t1 ¼ ðr11; r21;r31ÞT; t2 ¼ ðr12; r22; r32ÞT; €u is the acceleration, q is the density, a subscript comma de-
notes partial diﬀerentiation with respect to coordinates and overhead dot designates derivative with respect
to time t. The stress–strain laws aret1 ¼ Qu;1 þ Su;2; ð2Þ
t2 ¼ STu;1 þWu;2; ð3Þwhere the matrices Q, S, and W are related to elastic constants Cijks byQik ¼ Ci1k1; Sik ¼ Ci1k2; W ik ¼ Ci2k2:
The equations of motion expressed in terms of displacements are obtained by substituting Eqs. (2) and (3) into
Eq. (1) asQu;11 þ ðSþ STÞu;12 þWu;22 ¼ q€u: ð4Þ
Let the displacement be assumed asuðx1; x2; tÞ ¼ uðwÞ ð5Þ
with the variable w(x1,x2, t) implicitly deﬁned bywt  x1  pðwÞx2  qðwÞ ¼ 0; ð6Þ
where p(w) and q(w) are functions of w.
With Eqs. (5) and (6), Eq. (4) becomes (Wu and Chen, 2006)ow
ox1
o
ow
½Q qw2Iþ pðwÞðSþ STÞ þ pðwÞ2W ow
ox1
u0ðwÞ
 
¼ 0; ð7Þwhere I is the identity matrix andow
ox1
¼ 1
t  p0ðwÞx2  q0ðwÞ : ð8ÞLet u 0(w) be expressed asu0ðwÞ ¼ f ðwÞaðwÞ; ð9Þ
where f(w) is an arbitrary scalar function of w. It follows that u(w) is a solution of Eq. (4) ifDðp;wÞaðwÞ ¼ 0; ð10Þ
where D(p,w) is given byDðp;wÞ ¼ Qþ pðSþ STÞ þ p2W qw2I: ð11Þ
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where jDj is the determinant of D.
Eq. (12) provides six eigenvalues of p as a function of w, denoted by pk(w), k = 1,2, . . . , 6. The function
pk(w) is single-valued if w is allowed to range over the six sheets
Pk of its Riemann surface, taking the values
pk(w) on
Pk (Willis, 1973). If w is real and jwj is suﬃciently large, there are six real roots pk(w) such that (Wu,
2000)dw
dp
¼ n2; ð13Þwhere n2 is the x2 component of the ray velocity. Three of these roots characterized by dw/dp > 0 are associ-
ated with the rays propagating in the direction of positive x2 direction and the others by dw/dp < 0 with the
rays propagating in the direction of negative x2 direction. The three of the former type will be assigned to the
Riemann surfaces
Pk(k = 1,2,3) and the three of the latter type to Pk(k = 4,5,6). The sheets are connected
across appropriate lines joining the branch points of pk(w), which are located on the real axis in the complex w-
plane and are determined by dw/dp = 0. It can be shown that pk(w) has positive imaginary part in the upper
half of
Pk(k = 1,2,3) and negative imaginary part in the upper plane of Pk(k = 4,5,6).
The general solution of Eq. (4) may be represented asuðx1; x2; tÞ;1 ¼ 2Re
X
k
fkðwkÞ owkox1 akðwkÞ
( )
; ð14Þ
uðx1; x2; tÞ;2 ¼ 2Re
X
k
pkðwkÞfkðwkÞ
owk
ox1
akðwkÞ
( )
; ð15Þ
_uðx1; x2; tÞ;1 ¼ 2Re
X
k
wkfkðwkÞ owkox1 akðwkÞ
( )
; ð16Þwhere fk(wk) is an arbitrary function of wk and k = 1,2,3 or 4,5,6. The choice of the range of k depends on
whether up-going rays or down-going rays are considered.
By substituting Eqs. (14) and (15) into Eqs. (2) and (3), the general solutions of the stress vectors t1 and t2
can be expressed ast1ðx1; x2; tÞ ¼ 2Re
X
k
fkðwkÞ qw2k
owk
ox1
akðwkÞ  pkðwkÞ
owk
ox1
bkðwkÞ
 ( )
; ð17Þ
t2ðx1; x2; tÞ ¼ 2Re
X
k
fkðwkÞ owkox1 bkðwkÞ
( )
; ð18ÞwherebkðwÞ ¼ ðST þ pkðwÞWÞakðwÞ ¼ 
1
p
ðQ qw2Iþ pkðwÞSÞakðwÞ: ð19ÞThe second identity in Eq. (19) follows from Eq. (10). Eq. (19) can be cast into the following six-dimensional
eigenvalue problemNðwÞnðwÞ ¼ pðwÞnðwÞ; ð20Þ
whereNðwÞ ¼ N1 N2
N3ðwÞ NT1
 
; nðwÞ ¼ aðwÞ
bðwÞ
 
;
N1 ¼ W1ST; N2 ¼W1; N3ðwÞ ¼ SW1ST Qþ qw2I:
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These matrices satisfy the closure relations (Ting, 1996, p. 445)AðwÞATðwÞ þ bAðwÞbATðwÞ ¼ 0 ¼ BðwÞBTðwÞ þ bBðwÞbBTðwÞ; ð23Þ
AðwÞBTðwÞ þ bAðwÞbBTðwÞ ¼ I ¼ BðwÞATðwÞ þ bBðwÞbATðwÞ; ð24Þif the eigenvectors na(w), a = 1,2, . . . , 6, are normalized such thataTk ðwÞbjðwÞ þ bTk ðwÞajðwÞ ¼ dkj; ð25Þ
where dkj is the Kronecker delta.
3. A line force and dislocation in a bimaterial
Consider a bimaterial consisting of two dissimilar elastic half-spaces perfectly bonded together. Let the
half-space x2P 0 be occupied by material 1 and the half-space x2 6 0 be occupied by material 2. The bima-
terial is initially stress-free and is subjected to a line force H(t)F and a dislocation of Burgers vector H(t)b at
x1 = 0 and x2 = h > 0,H(t) being a Heaviside step function. Fig. 1 summarizes the conﬁguration of this prob-
lem. The continuity conditions at the interface x2 = 0 are given byu;1ðx1; 0þ; tÞ ¼ u;1ðx1; 0; tÞ; ð26Þ
t2ðx1; 0þ; tÞ ¼ t2ðx1; 0; tÞ; ð27Þwhere the superscript ‘‘*’’ denotes quantities referred to material 2. Let u,1 ant t2 in the upper half-space be
expressed asu;1 ¼ uð0Þ;1 þ uð1Þ;1 ; ð28Þ
t2 ¼ tð0Þ2 þ tð1Þ2 ; ð29Þwhere uð0Þ;1 and t
ð0Þ
2 are, respectively, the displacement gradient and the stress vector due to the sources in an
inﬁnite medium, uð1Þ;1 and t
ð1Þ
2 are those due to the reﬂected waves from the interface.
The solution for the line force in an inﬁnite medium has been obtained by Wu (2000) and that for the line
dislocation may be derived similarly. The result isFig. 1. A line force F and a line dislocation with Burgers vector b in an inﬁnite bimaterial.
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p
Im
X6
k¼4
ckðwkÞ owkox1 akðwkÞHðt  t^kÞ
( )
; ð30Þ
u
ð0Þ
;1 ¼ 
1
p
Im
X6
k¼4
ckðwkÞ
wk
owk
ox1
akðwkÞHðt  t^kÞ
( )
; ð31Þ
t
ð0Þ
2 ¼ 
1
p
Im
X6
k¼4
ckðwkÞ
wk
owk
ox1
bkðwkÞHðt  t^kÞ
( )
; ð32Þwhere ckðwkÞ ¼ aTk ðwkÞFþ bTk ðwkÞb, wk is determined by
wt ¼ x1 þ pkðwÞðx2  hÞ ð33Þand t^k is the arrival time of the bulk wave corresponding to pk given byt^k ¼ x2  h
nðkÞ2

: ð34ÞHere nðkÞ2 is the velocity of the ray radiating from (0,h) to (x1,x2). The reason for including the Heaviside func-
tions is as follows. Eqs. (30)–(32) imply that for the particle velocity and stress to be nonzero, wk and pk(wk)
must be complex. If pk(wk) is real, for a ﬁxed point (x1,x2), Eq. (33) may be considered as a function of t in
terms of real wk. The maximum time tmax that can result from this function is obtained bydt
dw
¼ 0 or tmax ¼ p0kðwÞðx2  hÞ:From Eq. (13), it may be seen that tmax is in fact t^k. Thus pk(wk) is complex only if t > t^k. Physically this means
that the disturbances at a point occur only when the bulk wave reaches the point.
Since up-going waves are generated in material 1 and down-going waves are in material 2, the expressions
for uð1Þ;1 and t
ð1Þ
2 in material 1 are given byu
ð1Þ
;1 ðx1; x2; tÞ ¼ 
1
p
X6
k¼4
X3
j¼1
Im RkjðwkjÞ ckðwkjÞwkj
owkj
ox1
ajðwkjÞHðt  t^kjÞ
 
; ð35Þ
t
ð1Þ
2 ðx1; x2; tÞ ¼ 
1
p
X6
k¼4
X3
j¼1
Im RkjðwkjÞ ckðwkjÞwkj
owkj
ox1
bjðwkjÞHðt  t^kjÞ
 
; ð36Þwhere Rkj may be regarded as the reﬂection coeﬃcients,wkjt ¼ x1 þ pjðwkjÞx2  pkðwkjÞh ð37Þ
and t^kj is the arrival time of the reﬂected wave associated with pj due to the incident wave related to pk.
Following the same discussion as for t^k, the expression for t^kj is given byt^kj ¼ x2
nðjÞ2

þ hnðkÞ2

: ð38ÞThose for material 2 areu;1ðx1; x2; tÞ ¼ 
1
p
X6
k¼4
X6
j¼4
Im T kjðwkjÞ
ckðwkjÞ
wkj
owkj
ox1
aj ðwkjÞHðt  t^kjÞ
( )
; ð39Þ
t2ðx1; x2; tÞ ¼ 
1
p
X6
k¼4
X6
j¼4
Im T kjðwkjÞ
ckðwkjÞ
wkj
owkj
ox1
bj ðwkjÞHðt  t^kjÞ
( )
; ð40Þwhere Tkj may be regarded as the transmission coeﬃcients,wkjt ¼ x1 þ pj ðwkjÞx2  pkðwkjÞh ð41Þ
2274 K.-C. Wu, S.-H. Chen / International Journal of Solids and Structures 44 (2007) 2269–2284and t^kj is the arrival time of the transmitted wave associated with p

j due to the incident wave related to pk. The
expression for t^kj is given byt^kj ¼
x2
nðjÞ2

þ hnðkÞ2

: ð42ÞNote that at the interface x2 = 0,wkjðx1; tÞ ¼ wkjðx1; tÞ ¼ wkðx1; tÞ: ð43Þ
Eqs. (35) and (36) becomeu
ð1Þ
;1 ðx1; tÞ ¼ 
1
p
X6
k¼4
Im
ckðwkÞ
wk
owk
ox1
AðwkÞRkðwkÞHðt  t^kÞ
 
: ð44Þ
t
ð1Þ
2 ðx1; tÞ ¼ 
1
p
X6
k¼4
Im
ckðwkÞ
wk
owk
ox1
BðwkÞRkðwkÞHðt  t^kÞ
 
; ð45ÞwhereRkðwkÞ ¼ ½Rk1ðwkÞ Rk2ðwkÞ Rk3ðwkÞT;
AðwkÞ ¼ ½a1ðwkÞ a2ðwkÞ a3ðwkÞ; ð46Þ
BðwkÞ ¼ ½b1ðwkÞ b2ðwkÞ b3ðwkÞ ð47Þand Eqs. (39) and (40) becomeu;1ðx1; tÞ ¼ 
1
p
X6
k¼4
Im
ckðwkÞ
wk
owk
ox1
bAðwkÞbTkðwkÞHðt  t^kÞ ; ð48Þ
t2ðx1; tÞ ¼ 
1
p
X6
k¼4
Im
ckðwkÞ
wk
owk
ox1
bBðwkÞbTkðwkÞHðt  t^kÞ ; ð49Þ
wherebTkðwkÞ ¼ ½T k4ðwkÞ T k5ðwkÞ T k6ðwkÞT;bAðwkÞ ¼ ½a4ðwkÞ a5ðwkÞ a6ðwkÞ; ð50ÞbBðwkÞ ¼ ½b4ðwkÞ b5ðwkÞ b6ðwkÞ: ð51Þ
The continuity conditions of Eqs. (26) and (27) then lead toAðwkÞRkðwkÞ  bAðwkÞbTkðwkÞ ¼ akðwkÞ; ð52Þ
BðwkÞRkðwkÞ  bBðwkÞbTkðwkÞ ¼ bkðwkÞ; ð53Þk = 4,5,6. Solving Eqs. (52) and (53) yieldsRkðwkÞ ¼ A1ðwkÞM1ðwkÞ½cM2ðwkÞakðwkÞ þ ibkðwkÞ; ð54ÞbTðwkÞ ¼ ½bAðwkÞ1M1ðwkÞ½M1ðwkÞakðwkÞ þ ibkðwkÞ; ð55Þ
where M1(wk) = iB(wk)A1(wk), cM2ðwtÞ ¼ ibBðwtÞ½A^ðwtÞ1 are the impedance tensors (Lothe and Barnett,
1976) of materials 1 and 2, respectively, and M(wk) is given byMðwkÞ ¼ M1ðwkÞ þcM2ðwkÞ: ð56Þ
Note that the interfacial Stoneley wave speed vs is determined by jMðvsÞj ¼ 0 (Chadwick and Currie, 1974).
The functions Rkj(wkj) and T kjðwkjÞ can be obtained from Rk and bTk, respectively, asRkjðwkjÞ ¼ eTj RkðwkjÞ; j ¼ 1; 2; 3; T kjðwkjÞ ¼ eTj3bTkðwkjÞ; j ¼ 4; 5; 6; k ¼ 4; 5; 6: ð57Þ
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(a) For t!1, wkj ! 0 and wkj ! 0 such thatowkj
ox1
! 1
t
; wkjt ! zj  pkð0Þh;
owkj
ox1
! 1
t
and wkjt ! zj  pkð0Þh; ð58Þwhere zj = x1 + pj(0)x2 and zj ¼ x1 þ pj ð0Þx2. Eqs. (32), (36) and (40) becomest
ð0Þ
2 ðx1; x2; tÞ ¼
1
p
Im Bð0Þ 1
z  pð0Þh
	 

c1ð0Þ
 
; ð59Þ
t
ð1Þ
2 ðx1; x2; tÞ ¼
1
p
X3
k¼1
Im Bð0Þ 1
z  pkð0Þh
	 

A1ð0Þ1M1ð0Þ½cM2ð0Þ M1ð0ÞAð0ÞIkc1ð0Þ ; ð60Þ
t2ðx1; x2; tÞ ¼
1
p
X3
k¼1
Im Bð0Þ 1
z  pkð0Þh
	 

½Að0Þ1M1ð0Þ½M1ð0Þ þM1ð0ÞAð0ÞIkc1ð0Þ
 
; ð61Þwhere Ik ¼ ekeTk and ek is the unit vector in the xk-direction,
c1ð0Þ ¼ ½c1ð0Þ c2ð0Þ c3ð0ÞT ¼ ATð0ÞFþ BTð0Þb;1
zpð0Þh
D E
and 1zpkð0Þh
D E
are the diagonal matrices given by1
z  pð0Þh
	 

¼ diag 1
z1  p1ð0Þh
;
1
z2  p2ð0Þh
;
1
z3  p3ð0Þh
 
;
1
z  pkð0Þh
	 

¼ diag 1
z1  pkð0Þh
;
1
z2  pkð0Þh
;
1
z3  pkð0Þh
 
:In Eqs. (59)–(61), the following replacements have been madepkþ3ð0Þ ¼ pkð0Þ; pkþ3ð0Þ ¼ pkð0Þ; k ¼ 1; 2; 3;bAð0Þ ¼ Að0Þ; bBð0Þ ¼ Bð0Þ; bAð0Þ ¼ Að0Þ; bBð0Þ ¼ Bð0Þ:
Eqs. (59)–(61) recover the static result (Ting, 1996).
(b) When h! 0, wkj = wj, wkj ¼ wj , where wj, wj , owjox1 and
owj
ox1
are given bywjt ¼ x1 þ pjðwjÞx2; wj t ¼ x1 þ pj ðwj Þx2;
owj
ox1
¼ 1
t  p0jðwjÞx2
and
owj
ox1
¼ 1
t  p0j ðwj Þx2
:The velocity _uð1Þ can be written as_uð1Þðx1; x2; tÞ ¼ 1p Im
X3
j¼1
owj
ox1
AðwjÞIj A1ðwjÞM1ðwjÞ½cM2ðwjÞ þ bAðwjÞ þ ibBðwjÞc^ðwjÞn o( ); ð62Þ
wherec^ðwjÞ ¼ bATðwjÞFþ bBTðwjÞb:
On the other hand, Eq. (30) with h! 0 may be expressed as_uðx1; x2; tÞ ¼  1p Im
X3
j¼1
owj
ox1
AðwjÞIj A1ðwjÞM1ðwjÞMðwjÞAðwjÞcðwjÞ
 
Hðt  t^jÞ
( )
; ð63Þwhere c(wj) = A
T(wj)F + B
T(wj)b.
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X3
j¼1
owj
ox1
AðwjÞIjA1ðwjÞM1ðwjÞ½cM2ðwjÞb iF^Hðt  t^jÞ( ): ð64Þ
Similarly the velocity _u for material 2 can be simpliﬁed as_uðx1; x2; tÞ ¼ 1p Im
X6
j¼4
owj
ox1
A^ðwj ÞIj3½bAðwj Þ1M1ðwj Þ½M1ðwj Þbþ iF^Hðt  t^j Þ
( )
: ð65ÞIn deriving Eqs. (64) and (65), Eqs. (23) and (24) have been used. Eqs. (64) and (65) are identical with the result
derived by Wu (2003).
(c) At x2 = 0, wkj ¼ wkj ¼ wk, therefore, the velocity _u at the interface may be simpliﬁed as_uðx1; tÞ ¼ 1p
X6
k¼4
Re
owk
ox1
M1ðwkÞ½bATðwkÞ1Ik3½bATðwkÞFþ bBTðwkÞbHðt  t^kÞ  ð66Þ
and the interfacial stress ast2ðx1; tÞ ¼  1p
X6
k¼4
Im
1
wk
owk
ox1
cM2ðwkÞM1ðwkÞ½bATðwkÞ1Ik3½bATðwkÞFþ bBTðwkÞbHðt  t^kÞ : ð67Þ
In summary, the particle velocity due to the line force and the dislocation in material 1 may be expressed as_uðx1; x2; xtÞ ¼ Gf ðx1; x2; tÞFþGbðx1; x2; tÞb; ð68Þ
whereGf ¼ Gð0Þf þGð1Þf ð69Þ
with Gð0Þf and G
ð1Þ
f given byG
ð0Þ
f ðx1; x2; tÞ ¼ 
1
p
Im
X3
k¼1
owk
ox1
akðwkÞaTk ðwkÞHðt  t^kÞ
( )
; ð70Þ
G
ð1Þ
f ðx1; x2; tÞ ¼
1
p
X6
k¼4
X3
j¼1
Im RkjðwkjÞ owkjox1 ajðwkjÞa
T
k ðwkjÞHðt  t^kjÞ
 
ð71ÞandGb ¼ Gð0Þb þGð1Þb ð72Þ
with Gð0Þb and G
ð1Þ
b given byG
ð0Þ
b ðx1; x2; tÞ ¼ 
1
p
Im
X3
k¼1
owk
ox1
akðwkÞbTk ðwkÞHðt  t^kÞ
( )
; ð73Þ
G
ð1Þ
b ðx1; x2; tÞ ¼
1
p
X6
k¼4
X3
j¼1
Im RkjðwkjÞ owkjox1 ajðwkjÞb
T
k ðwkjÞHðt  t^kjÞ
 
; ð74ÞThe particle velocity due to the line force and the dislocation in material 2 is_uðx1; x2; tÞ ¼ Gf ðx1; x2; tÞFþGbðx1; x2; tÞb; ð75Þ
where Gf and G

b given byGf ðx1; x2; tÞ ¼
1
p
X6
k¼4
X6
j¼4
Im T kjðwkjÞ
owkj
ox1
aj ðwkjÞaTk ðwkjÞHðt  t^kjÞ
 
; ð76Þ
Gbðx1; x2; tÞ ¼
1
p
X6
k¼4
X6
j¼4
Im T kjðwkjÞ
owkj
ox1
aj ðwkjÞbTk ðwkjÞHðt  t^kjÞ
 
: ð77Þ
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function, Gf and G

f may also be regarded as the Green’s function for an impulsive force. Similarly Gb and G

b
are the Green’s function due to an impulsive dislocation.
4. Numerical examples
The results derived in Section 3 were calculated for an isotropic and an anisotropic materials in this section.
A numerical scheme for computing the relevant quantities is outlined in the Appendix.
Numerical calculations were ﬁrst made for the case of an isotropic bimaterial treated by Ma and Huang
(1996). In their paper, the applied point force was assumed in the x2 direction with the magnitude F = 2r0
and located at (0,h). The slownesses were taken as a1:b1:a2:b2 = 1/5:1/4:1/3:1/2, where ai and bi be the slowness
of the longitudinal wave and the transverse wave for the material i, respectively, and the ratio of the shear
moduli of the two materials were assumed as l2/l1 = 0.3. The variations of the dimensionless stress hryy/r00 0.4 0.8 1.2 1.6 2
t / a1h
0
1
2
hσ
yy
 
/ σ
0
x1 / h = 0.5 , x2 / h = 0.5P
S
PP PS SP
SS
Fig. 2. hryy/r0 for the isotropic material at x1/h = 0.5 and x2/h = 0.5.
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Fig. 3. hryy/r0 for the isotropic material at x1/h = 0.5 and x2/h = 0.5.
2278 K.-C. Wu, S.-H. Chen / International Journal of Solids and Structures 44 (2007) 2269–2284with the dimensionless time t/a1h at x1/h = 0.5 and x2/h = 0.5 were computed using Eq. (36). The result is
shown in Fig. 2. Fig. 3 shows the variations at x1/h = 0.5 and x2/h = 0.5 calculated by Eq. (40). In both ﬁg-
ures the arrivals of two bulk waves are denoted by P and S, and the arrivals of four reﬂected or refracted waves
are denoted by PP, PS, SP and SS where the ﬁrst letter represents the incident wave and the second letter indi-
cates the reﬂected or refracted wave. The present results are in excellent agreement with those in Ma and
Huang (1996).-2 0 
x1 / h
0
1
2
3
4
x
2 
/ h
τ = 2
P
S1S2
1
2
345
source
receiver
1.95 1.96 1.97 1.98
x1 / h
1.29
1.3
1.31
1.32
x2 / h
23
4
S2S1
2
Fig. 4. The transient body wavefronts of the bimaterial – GaAs at s = 2.
Fig. 5. The transient reﬂected and transmitted wavefronts for GaAs at s = 2.
K.-C. Wu, S.-H. Chen / International Journal of Solids and Structures 44 (2007) 2269–2284 2279The second example is concerned with a GaAs bimaterial. GaAs crystal is of cubic symmetry. The elastic
constants of GaAs with respect to the symmetry axes in units of 100 GPa are C11 = 1.19, C12 = 0.538, and
C44 = 0.595 (Bateman et al., 1959). The bimaterial is formed by cutting an inﬁnite body of GaAs into two
half-spaces along the symmetry (x1,x3) plane, rotating the half-space x2P 0 by 10 and the half-space
x2 6 0 by 10 about the x2 axis, and re-welding the two rotated half-spaces. The source was assumed at
(0,h) and the receivers at (1.3h, 1.2h) and (1.3h,1.2h).
The Green’s functions given by Eqs. (69), (72), (76), and (77) were computed and expressed in the following
dimensionless form:Gf ðx1; x2; tÞ ¼ 1pqc0hGf ð x1; x2; sÞ; Gbðx1; x2; tÞ ¼
c0
ph
Gbð x1; x2; sÞ;
Gf ðx1; x2; tÞ ¼
1
pqc0h
Gf ð x1; x2; sÞ; Gbðx1; x2; tÞ ¼
c0
ph
Gbð x1; x2; sÞ;0 1 2 3
τ
-2
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2
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Fig. 6. ðGf Þ22 for GaAs at x1/h = 1.3 and x2/h = 1.2.
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Fig. 7. ðGf Þ22 for GaAs at x1/h = 1.3 and x2/h = 1.2.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C44=q
p
. Fig. 4 shows the direct wavefronts of the GaAs at
s = 2. In Fig. 4, all body waves have passed through the receiver at (1.3h, 1.2h) at the selected time. Fig. 5 dis-
plays the reﬂected and transmitted wavefronts at s = 2. Figs. 6 and 7 give the components ðGf Þ22 and ðGf Þ22,
respectively. The components ðGbÞ11 and ðGbÞ11, respectively, are shown in Figs. 8 and 9. The arrival times of
bulk waves, reﬂected waves and transmitted waves are labeled in all ﬁgures.
Figs. 6–9 clearly indicate that, in addition to the direct waves and reﬂected or transmitted waves, there are
also refracted waves present. The condition for the occurrence of a refracted ray at (x1,x2) is (Wu, 2001)x1 > h tan/i þ jx2j tan/r: ð78Þ
Here /i and /r denote the incident angle from the source to the interface and the refracted angle from the
interface to the receiver, respectively. When a ray of S1 or S2 satisfying Eq. (78) reaches the interface of the
bimaterial, it ﬁrst travels as P or S1 wave along the interface, and then propagates as S1 or S2 wave from
the interface to the receiver. In Figs. 6–9, the symbol rw1 represents the refracted wave S2PS1, rw2 for
S1PS2 and rw3 for S2PS2.0 1 2 3
τ
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Fig. 8. ðGbÞ11 for GaAs at x1/h = 1.3 and x2/h = 1.2.
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Fig. 9. ðGbÞ11 for GaAs at x1/h = 1.3 and x2/h = 1.2.
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0 1 2 3
τ
0
0.1
0.2
h σ22 / C44 β1
x1 / h = 2, x2 / h = 0
P
S1
S2
S1P
S2P
S2S1
Fig. 11. hr22/C44b1 for GaAs at x1/h = 2 and x2/h = 0.
K.-C. Wu, S.-H. Chen / International Journal of Solids and Structures 44 (2007) 2269–2284 2281Eq. (67) was also computed for the time history of the normal stress at x1/h = 2 and x2/h = 0 on the inter-
face. Fig. 10 gives the normal stress hr22/F2 due to a vertical line force F2 and Fig. 11 shows the normal stress
hr22/C44b1 due to an edge dislocation of Burgers vector b1. In Figs. 10 and 11, the symbol S1P denotes the P
wave refracted from the S1 wave. The other two refracted waves are similarly denoted as S2 P and S2S1. The
arrival time for the refracted wave S2S1 is very close to that for the S2 wave.
5. Conclusion
In this study transient Green functions are obtained for a general anisotropic bimaterial due to an interior
dynamic line force or dislocation. The Green functions are derived using a novel formulation developed by
Wu and Chen (2006), which does not require integral transforms. It is shown that in the limit as t!1,
the static solution given by Ting (1996) is recovered. It is also shown that when the dynamic sources are
2282 K.-C. Wu, S.-H. Chen / International Journal of Solids and Structures 44 (2007) 2269–2284located at the interface, Green functions reduce to those reported by Wu (2003). Numerical examples are given
to illustrate the eﬀects due to reﬂection and transmission by the interface. The analysis presented here serves as
a basis for studying dynamic sources in anisotropic elastic multi-layered media.
Acknowledgements
The research was supported by the National Science Council of Taiwan under Grant NSC 93-2212-E-002-
027.
Appendix A
In this appendix a numerical scheme for calculating wk,wkj, and wkj for given x1, x2 and t from Eqs. (33),
(37) and (41), respectively, and the related quantities is described.
Eq. (33), (37) and (41) are in the following form/ðwÞ ¼ wt  x1  ~pðwÞx2 þ pkðwÞh ¼ 0; k ¼ 4; 5; 6; ðA:1Þ
where ~pðwÞ ¼ pkðwÞ for wk; ~pðwÞ ¼ pjðwÞ; j ¼ 1; 2; 3, for wkj, and ~pðwÞ ¼ pj ðwÞ; j ¼ 4; 5; 6, for wkj. The func-
tions pj(w) are the eigenvalues of N(w) of Eq. (20) with the elastic constants of material 1 and pj ðwÞ are the
eigenvalues of N*(w) with the elastic constants of material 2. An iteration process for solving Eq. (A.1) is
as follows. Take w(0) as an initial trial value for w and expand /(w) about w(0) up to the second order term
in Taylor’s series,/ðwÞ  /ð0Þ þ o/
ow
 ð0Þ
Dwð0Þ þ 1
2
o2/
ow2
 ð0Þ
ðDwð0ÞÞ2; ðA:2Þwhere Dw(0) = w  w(0), and (f)(0) = f(w(0)). An approximate solution of Dw(0) can be obtained by substituting
Eq. (A.2) into Eq. (A.1) asDwð0Þ ¼ ðbþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  ac
p
Þ=a; ðA:3Þwhere a,b, and c are given bya ¼ ~p00ðwð0ÞÞx2 þ p00kðwð0ÞÞh; b ¼ t  ~p0ðwð0ÞÞx2 þ p0kðwð0ÞÞh; c ¼ 2/ð0Þ:
Let w(1) = w(0) + Dw(0). If j/(w(1))j < e, where e is a preset error, then w(1) is accepted as the solution. Otherwise
Eq. (A.3) is used again with w(0) replaced by w(1). The process is repeated until the error criterion is met.
In our calculations, the numerical procedure was started with a suﬃciently large time for which accurate
approximations given by Eq. (58) for wkj and wkj are available. The time was subsequently decreased and
the values of wkj and wkj at the previous time step were used as the initial trial values. Our experience is that
it rarely takes more than ten iterations to achieve a numerical accuracy of 105.
In evaluating Eq. (A.3) ps(w), s = 1–6, or pj ðwÞ; j ¼ 4; 5; 6 and their ﬁrst and second derivatives for a given
w are required. A procedure for computing these quantities are given here for ps(w) associated with material 1.
Those for pj ðwÞ can be obtained by simply using the elastic constants of material 2. The values of ps are
obtained simply by substituting w into Eq. (20) and compute the eigenvalues of N(w). The corresponding vec-
tors as(w) and bs(w) are also obtained. To ﬁnd the ﬁrst derivative p0s, diﬀerentiate Eq. (10) with respect to w and
setting p = ps and a = as. The result isD0ðps;wÞas þDðps;wÞa0s ¼ 0; ðA:4Þ
where D0 ¼ p0sðSþ ST þ 2psWÞ  2qwI. Pre-multiplying Eq. (A.4) by aTs and using Eq. (10) leads toaTs D
0ðps;wÞas ¼ 0 ðA:5Þfrom which p0s is obtained asp0s ¼ 2qwaTs as; ðA:6Þ
K.-C. Wu, S.-H. Chen / International Journal of Solids and Structures 44 (2007) 2269–2284 2283where Eqs. (19) and (25) have been used. Eq. (A.6) contains only the known vector as(w). Note that
pj, j = 1,2,3, are selected such that the imaginary parts are positive if they are complex or p0j > 0 when they
are real. The latter condition can be checked using Eq. (A.6). Similarly pk,k = 4,5,6, are selected such that
the imaginary parts are negative if they are complex or p0k < 0 when they are real. To determine the second
derivative p00s , diﬀerentiate Eq. (10) twice with respect to w and setting p = ps and a = as. The result isD00ðps;wÞas þ 2D0ðps;wÞa0s þDðps;wÞa00s ¼ 0; ðA:7Þ
where D00 ¼ p00s ðSþ ST þ 2psWÞ þ 2ðp0sÞ2W 2qI. Pre-multiplying Eq. (A.7) by aTs and using Eq. (10) yieldsaTs D
00ðps;wð0ÞÞas þ 2aTs D0ðps;wð0ÞÞa0s ¼ 0: ðA:8ÞFrom Eq. (A.8), p00s may be expressed asp00s ¼ 2 qaTs as  ðp0sÞ2aTs Was þ ða0sÞTDa0s
h i
; ðA:9Þwhere Eqs. (19), (25) and (A.4) have been used. The terms on the right side of Eq. (A.9) are known except a0s.
The vector a0s can be calculated from Eq. (A.4) as follows. Let Dk and dk, respectively, be the eigenvalues and
the corresponding eigenvectors of D(ps,w), i.e.,Dðps;wÞdk ¼ Dkdk: ðA:10Þ
Since D(ps,W) is symmetric, the eigenvectors can be normalized such that d
T
j dk ¼ djk. Let a0s be expressed asa0s ¼
X3
j¼1
gkdk: ðA:11ÞAs jD(ps,w)j = 0 and at least one of Dk is zero. Substitution of Eq. (A.11) into Eq. (A.4) givesXn
k¼1
gkDkdk ¼ D0ðps;wð0ÞÞas; ðA:12Þwhere n < 3 is the number of nonzero Dk. From Eq. (A.12),gk ¼ 
1
Dk
dTkD
0ðps;wð0ÞÞas; k ¼ 1 to n ðA:13Þwith Eqs. (A.11) and (A.13) the tern ða0sÞTDa0s in Eq. (A.8) is given byða0sÞTDa0s ¼
Xn
k¼1
g2kDk: ðA:14ÞAs the iteration process is completed for wkj; psðwkjÞ; p0sðwkjÞ; asðwkjÞ and bs(wkj), s = 1 to 6, are also
obtained. The derivatives p0sðwkjÞ are used to calculateowkj=ox1 ¼ 1= t  p0jðwkjÞx2 þ p0kðwkjÞh
 
:The vectors as(wkj) and bs(wkj), s = 1,2,3, are used to construct the matrices A(wkj) and B(wkj), respectively,
deﬁned by Eqs. (46) and (47). The matrices bAðwkjÞ and bBðwkjÞ deﬁned by Eqs. (50) and (51), respectively,
are obtained by substituting wkj into Eq. (20) with the material constants of material 2 and calculating the
eigenvectors nj ; j ¼ 4; 5; 6. The four matrices AðwkjÞ; BðwkjÞ; bAðwkjÞ and bBðwkjÞ are needed for Rkj(wkj)
of Eq. (57).
At the completion of the iteration process for wkj, not only psðwkjÞ; p0sðwkjÞ; asðwkjÞ and bjðwkjÞ; s ¼ 1 to 6,
but also pj ðwkjÞ; p0j ðwkjÞ; aj ðwkjÞ and bj ðwkjÞ; j ¼ 4; 5; 6 are obtained. The derivatives p0kðwkjÞ and
p0j ðwkjÞ; j; k ¼ 4; 5; 6 are used to calculateowkj=ox1 ¼ 1= t  p0j ðwkjÞx2 þ p0kðwkjÞh
 
:
2284 K.-C. Wu, S.-H. Chen / International Journal of Solids and Structures 44 (2007) 2269–2284The vectors asðwkjÞ and bsðwkjÞ; s ¼ 1; 2; 3, are used to construct the matrices AðwkjÞ and BðwkjÞ. The vectors
aj ðwkjÞ and bj ðwkjÞ; j ¼ 4; 5; 6, are used to establish bAðwkjÞ and bBðwkjÞ. The four matrices
AðwkjÞ; BðwkjÞ; bAðwkjÞ and bBðwkjÞ are required for T kjðwkjÞ of Eq. (57).
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